Abstract.-The phylogenetic diversity (PD) of a set of species is a measure of the evolutionary distance among the species in the collection, based on a phylogenetic tree. Such a tree is composed of a root, internal nodes, and leaves that correspond to the set of taxa under study. With each edge of the tree is associated a non-negative branch length (evolutionary distance). If a particular survival probability is associated with each taxon, the PD measure becomes the expected PD measure. In the Noah's Ark Problem (NAP) introduced by Weitzman (1998), these survival probabilities can be increased at some cost. The problem is to determine how best to allocate a limited amount of resources to maximize the expected PD of the considered species. It is easy to formulate the NAP as a (difficult) nonlinear 0-1 programming problem. The aim of this article is to show that a general version of the NAP (GNAP) can be solved simply and efficiently with any set of edge weights and any set of survival probabilities by using standard mixed-integer linear programming software. The crucial point to move from a nonlinear program in binary variables to a mixed-integer linear program, is to approximate the logarithmic function by the lower envelope of a set of tangents to the curve. Solving the obtained mixed-integer linear program provides not only a near-optimal solution but also an upper bound on the value of the optimal solution. We also applied this approach to a generalization of the nature reserve problem (GNRP) that consists of selecting a set of regions to be conserved so that the expected PD of the set of species present in these regions is maximized. In this case, the survival probabilities of different taxa are not independent of each other. Computational results are presented to illustrate potentialities of the approach. Near-optimal solutions with hypothetical phylogenetic trees comprising about 4000 taxa are obtained in a few seconds or minutes of computing time for the GNAP, and in about 30 min for the GNRP. In all the cases the average guarantee varies from 0% to 1.20%.
It is accepted that biodiversity loss can have disastrous consequences in many areas. Currently, biodiversity decreases at an alarming rate and that is why many conservation projects are being developed around the world to try to remedy this situation. To carry out these projects, a precise measure of biodiversity is necessary (see e.g., Purvis and Hector 2000) to focus on the most urgent conservation strategies, the means available being obviously limited. Simple measures traditionally used are species richness and abundance. The disadvantage of these measures is that they give equal importance to all species and do not reflect genetic diversity (see e.g., Van Dyke 2008) . A measure that takes into account the genetic diversity and that is increasingly used in conservation biology is the phylogenetic diversity (PD) introduced by Faith (1992; see also Faith 2008a ). The PD is based on the phylogenetic tree. This tree is composed of a root, internal nodes, and leaves, and there is a one-to-one correspondence between leaves and taxa of interest. With each edge of the tree is associated a real number representing the amount of evolution that has occurred between the 2 extremities of the edge. This number is called the length of the branch. For a subset of taxa, that is to say a subset of leaves, the PD measure is the sum of the lengths of the edges of the minimal subtree of the phylogenetic tree connecting the taxa and the root. Weitzman (1992) proposed a framework to measure biodiversity based on aggregated distance-dissimilarity and on the concept of dynamic programming but this approach has some drawbacks (Faith 1994; Faith et al. 2003 ). In 1998, Weitzman modified his biodiversity model, creating the Noah's Ark Problem (NAP) based on the PD measure defined by Faith (1992) . In NAP, each taxon is associated with an initial survival probability which can be increased at some cost. The problem consists of best allocating a limited amount of resources to maximize the expected PD. Using the notion of functional diversity and the NAP, Perry (2010) develops a measure of the ecological importance of species. For a given phylogenetic tree, the expected PD is the sum on all edges of the probability that the information associated with this edge is conserved, multiplied by the length of this edge. The probability that the information represented by an edge is conserved is equal to the probability that at least one taxon below this edge survives. The potential survival probabilities of each taxon and the associated costs define many variants of the NAP, more or less easy to solve. Note that a first probabilistic approach to the concept of PD was suggested by Witting and Loeschcke (1995) . Faith (2008b) draws on this more general approach to discuss strengths and weaknesses of the expected PD approach.
In this article, we first consider the very general version of the NAP (GNAP) defined as follows: multiple conservation policies are possible for each taxon, each policy has a cost and generates a certain survival probability of the taxon concerned, and there is no a priori mathematical relationship between the cost of a policy and the associated survival probability. A major limitation of the GNAP lies in the fact that survival probabilities of different taxa are assumed to be independent of each other. We consider in 148 SYSTEMATIC BIOLOGY VOL. 62 this article a generalization of the following case of nonindependence of survival probabilities proposed by Moulton et al. (2007) , Pardi and Goldman (2007) , and , the nature reserve problem (NRP). In the NRP, the survival probabilities are not independent because the protection of taxa is applied to a geographical area and not to a taxon. In this article, we consider a generalization of the NRP (GNRP) where multiple conservation policies are possible for each area. The purpose of the article is to show that mixed-integer linear programming is a very interesting approach to solve the GNAP and the GNRP. The proposed models are relatively simple and, above all, their resolution requires only standard, commercially available, software. Solving the models provides near-optimal solutions, and also upper bounds on the relative gaps between the values of these solutions and the values of the optimal solutions. To show the effectiveness of the method for the GNAP and the GNRP, we report computational results on 3 types of hypothetical phylogenetic trees with different costs and different survival probabilities concerning a number of taxa varying from about 2000 to 25 000.
THE PROBLEM
A phylogenetic tree T is a rooted tree, the root of which is of degree 1. The degree of a vertex is the number of edge ends at that vertex. The degree of the leaves is equal to one. The nodes that are neither root nor leaves are called internal nodes, and the degree of these internal nodes is 3. The leaf set is denoted by X, the edge set is denoted by E, and the set of pendant edges is denoted by E X . With each edge e of E is associated a non-negative branch length (weight) e . Observe that the edges coming from the root belong to E. The PD of T, PD(T), is equal to e∈E e . Intuitively, PD(T) represents the amount of evolutionary history associated with T. For a subset Y of X, the associated PD measure is the sum of the branch lengths of the subtree T Y induced by Y and the root. In other words, T Y is the smallest subtree of T containing the leaves of Y and the root. If each taxon t i remains extant until some given future time, the information represented by the path from the root to this taxon is conserved. Consequently, the probability that the information associated with an edge is conserved is equal to the probability that at least one leaf, reachable from this edge in T, survives. The expected PD at that time is E(PD) = e∈E e 1− i∈C e (1−a i ) where C e is the set of leaves reachable from e, and a i is the survival probability of the taxon t i . For each taxon t i , n i different conservation policies are available. The kth policy, k ∈ {1,...,n i }, is to spend c ik units for conservation of t i and allows to obtain a survival probability equal to p ik . We assume, without loss of generality, c i1 < c i2 < ··· < c in i and p i1 < p i2 < ··· < p in i . The cost c i1 may be equal to zero but it is not obligatory. For example, c i1 may represent the cost required to maintain the survival probability at the level p i1 . Note that in this model, the amount of money devoted to the protection of a taxon must belong to a finite and predetermined set. It is not possible to invest any amount. The problem that we call the GNAP and that we represent by p i1 c ik →p ik [n i ]NAP is to determine the conservation strategy (a set of conservation policies to be applied to each taxon) so as to maximize the expected PD associated with the set of taxa under study, while respecting a budget constraint. The problem is NPHard. Indeed, consider as Hartmann and Steel (2006) do, the following particular case where the tree is only composed of the root and the leaves (each taxon t i is directly linked to the root r by an edge of weight ri ), and there is only 2 conservation policies for each taxon with survival probabilities equal to zero and one. The obtained problem is the linear 0-1 knapsack problem max i∈X ri w i : i∈X c i2 w i B,w ∈ {0,1} |X| which is known to be NP-Hard (Garey and Johnson 1979) . B is the available budget.
The problem considered here is very general because the survival probabilities and costs are completely arbitrary. They can be very different from one taxon to another and we do not make any assumption about the relationship between the survival probability of a taxon and the amount spent on its conservation. There is also no assumption on the structure of the tree and the length of its branches. The only limitation of the model is to define, for each taxon t i , a finite set of conservation policies. Each policy has a cost and gives some value to the survival probability. This definition of conservation policies seems realistic compared with the definition of a mathematical function f i (b) giving the survival probability of the taxon t i for any value of the amount of money, b, dedicated to the conservation of this taxon.
Example. Figure 1 shows a phylogenetic tree with a root (a), 2 internal nodes (b, c), and 4 taxa t 1 , t 2 , t 3 , and t 4 . The length of each branch and, for each taxon, the possible conservation policies with the associated costs are shown in the figure. For example, for the taxon t 2 , there are 3 possible conservation policies. The first is to do nothing, costs zero and corresponds to a survival probability equal to 0.3. The second increases the survival probability from 0.3 to 0.6 and costs 3 units, and the third increases this probability to 0.9 and costs 6.2 units. Suppose that the total budget available is equal to 16.5 units and consider conservation policies 1, 3, 2, and 3 for taxa t 1 , t 2 , t 3 , and t 4 , respectively. The total conservation cost in this case is equal to 0 + 6. smallest subtree of T connecting all the taxa in S but not necessarily the root, the rooted PD of a set of taxa S is the total length of the smallest subtree of T connecting all the taxa in S and the root (see e.g., Faith and Baker 2006) . Optimization problems associated with these 2 metrics can be of rather different difficulty (Minh et al. 2006; Pardi and Goldman 2007) . In this article, we consider the rooted phylogenetic trees and the extent of PD taking into account the root. Several authors have addressed the NAP in this case. We present below some results. In the NAP, each taxon t i is associated with an initial survival probability a i which can be increased to b i at some cost c i . The total expense dedicated to the increase of the survival probabilities does not have to exceed a certain budget B. We can denote this problem
The expected PD associated with the tree T and the subset S of X when the survival probability of the taxon t i is a i if t i / ∈ S and b i if t i ∈ S, is E(PD S ) = e∈E e 1− i∈C e ∩S (1−b i ) i∈C e −S (1−a i ) . The NAP consists of determining the set S that maximizes E(PD S ) subject to the budgetary constraint 
The probability of survival of each taxon t i is defined by a function p i (x i ) of the conservation expenditure x i . In practice, this function is given by a sequence of probabilities p i (0),p i (1),p i (2),...,p i (B). The author proposes a dynamic programming algorithm without worst-case polynomial complexity guarantee. He proves the efficiency of the algorithm in practice on some particular instances. The choice of a particular form of the survival probability functions makes these instances particular cases of a discretised version of the NAP proposed by Weitzman (1998) . Hickey et al. (2011) propose a pseudo-polynomial time approximation scheme for the a i 
MATHEMATICAL PROGRAMMING FORMULATION
The general NAP that we consider here,
..,n i . For each taxon t i , there are n i possible policies. The policy k costs c ik and provides a survival probability of p ik . For each i ∈ X and for each k ∈ {1,...,n i }, let us associate the Boolean variable x ik which is equal to one if and only if the kth policy is applied to the conservation of the taxon
(1)
In the objective function, the quantity
p ik x ik is the survival probability of the taxon t i taking into account the chosen conservation policy. The constraint (1) expresses that the overall cost of conservation must be less than or equal to B. The constraint (2) expresses that, for each taxon t i , one and only one conservation policy must be adopted. The difficulty of solving (P1) comes from the economic function. Indeed, f (x) is nonlinear, has a large number of terms if the tree is large, and these terms are products that may contain a large number of variables. Now, let us see a slightly different formulation of the problem which does not have these drawbacks. This formulation consists of expressing the probability that the information associated with the edge e is not conserved in function of the probabilities that the information associated with the edges that follow directly e is not conserved. Let us associate with each edge e of the tree a real variable z e which is equal to the probability that the information associated with this edge is not conserved. Let E e be the set of edges that follows directly e. We have the equality z e = j∈E e z j . For each pendant edge e ∈ E X , we denote by ext(e) the corresponding leaf. p i1
By using the logarithmic function and the changing of variables y e = logz e , (P2) can be rewritten as (P3).
(1)−(3) y e = logz e e ∈ E (6) y e = j∈E e y j e ∈ E−E X (7)
. (8) In (P3), the objective function is linear and all the constraints are linear except the constraint (6). We propose in the sequel a relaxation of (P3). The values of the variables x in the optimal solution of this relaxation provide a feasible solution of p i1
is, a conservation strategy, and the optimal value of this relaxation corresponds to an upper bound on the optimal expected PD. The proposed relaxation can be interpreted as an upper approximation of the concave function logz e by a concave and piecewise linear function. A similar approach is used in Billionnet (2011a) for the probabilistic reserve selection problem and in Billionnet (2011b) for the optimization of wildlife populations with probabilistic habitat connections. Note that approximating an arbitrary continuous function of one variable by a piecewise linear function is a classical method in optimization: see for example, Bradley et al. (1977) and Nemhauser and Wolsey (1988) for a general presentation of the method, and Camm et al. (2002) for its application to the probabilistic reserve selection problem. An important point of our approach is that the chosen approximation leads to a relaxation of the problem which is not always the case when one approximates a nonlinear function by a piecewise linear function. To get a relaxation of (P3), we relax the constraint (6). Note first that, given the expression of the objective function to maximize, we obtain a problem equivalent to (P3) by replacing the equality constraint (6) by the inequality constraint y e logz e . A relaxation of this inequality is obtained by replacing it by the set of linear constraints y e (z e /u t )+logu t −1, t ∈ T = {1,...,S}, where u 1 ,u 2 ,...,u S are some constants such that 0 < u 1 < u 2 < ··· < u S = 1. This set of constraints expresses that the quantity y e is less than or equal to the lower envelope of the S straight lines tangent to the curve logz e at the points u 1 ,u 2 ,...,u S (Fig. 2) . This relaxation of (P3) is given by (P4). To obtain a tight approximation of logz e , S must be sufficiently large. However, the larger the value of S, the greater the size of (P4).
(1)−(3), (7), (8) (z e /u t )+logu t −1 y e e ∈ E, t ∈ T (9) z e 0 e ∈ E.
The proof that logz e is less than or equal to (z e /u t )+ logu t −1 follows directly from the fact that 1/u t is the value of the derivative of logx at the point u t , and the function logx is concave. (P4) is a mixed-integer linear program and can therefore be solved by standard software.
In (P4), for all e ∈ E, 1−z e is an upper approximation of the probability that the information associated with e is conserved. For e ∈ E X , it is better to use the exact value of this probability rather than its approximation. This gives the program (P5) which is a relaxation of the initial problem slightly tighter than (P4).
(1)−(3), (7), (8) (z e /u t )+logu t −1 y e e ∈ E−E X , t ∈ T (9 )
Let (x,ỹ,z) be an optimal solution of (P5). A nearoptimal solution of p i1 c ik →p ik [n i ]NAP is given byx. For each taxon t i , the optimal policy to carry out is the policy k such thatx ik = 1, and the expected PD is equal to e∈E e 1− i∈C e 1− n i k=1 p ikxik or, equivalently, to e∈E e (1−eỹ e ). An upper bound on the true optimal value of p i1 c ik →p ik [n i ]NAP is given by the optimal value of (P5), that is, r(x,z).
DEPENDENCE OF THE SURVIVAL PROBABILITIES: THE GENERAL
NATURE RESERVE PROBLEM The fact that we can formulate the GNAP by a mixedinteger linear program enables us to easily consider some extensions of the problem. A major limitation of the NAP (and also of the GNAP) lies in the fact that survival probabilities of different taxa are assumed to be independent of each other, whereas in reality these probabilities are rarely independent (Pardi and Goldman 2007) . These authors illustrate the case of nonindependence of survival probabilities by the following problem they call the NRP. In the NRP, the survival probabilities are not independent because the protection of taxa is applied to a geographical area and not to a taxon. We recall here the definition of this problem suggested by Moulton et al. (2007) , Pardi and Goldman (2007) , and .
We have a phylogenetic tree T X where X is the set of taxa of interest and a set {R 1 ,R 2 ,...,R m } of potential reserve sites. Each considered taxon is present in one or more sites. The survival probability of each taxon t i in the site R j has 2 values: a ij if the site R j is not protected and b ij if the site R j is protected. For each j ∈ {1,...,m}, c j is the cost of conserving site R j , that is, of including it in a nature reserve. The problem consists of determining the set of sites S that maximizes the expected PD resulting from conservation of the sites in S and satisfies the budgetary constraint j:R j ∈S c j B. Here, we consider a GNRP where n j different levels of protection are possible for each site R j . We denote by c jk the cost of policy k (k = 1,...,n j ) of conservation of the site R j (j = 1,...,m) and by p ijk the survival probability of the taxon t i (i = 1,...,n) in the site R j (j = 1,...,m) when the kth conservation policy (k = 1,...,n j ) is applied to this site. For a fixed conservation strategy, that is to say a policy choicek j for each site R j , the extinction probability of the taxon t i is equal to log(1−p ijk )x jk represents the logarithm of the global extinction probability of the taxon t i in function of the x variables, that is, in function of the global conservation strategy.
COMPUTATIONAL EXPERIMENTS
We carried out preliminary computational experiments to test the efficiency of the approach. For a fixed number of nonleaf nodes, we considered 3 types of hypothetical phylogenetic trees: in the first type, each nonleaf node has 2 children, in the second type, the number of children of each nonleaf node is randomly generated between 2 and 5, and in the third type, each nonleaf node has 3 children. For branch lengths, we chose an exponential distribution with mean and variance equal to one. In all the experiments, S = 10, u 1 = 0.01, and u t = u (S−t)/(S−1) 1 in the constraint (9). For each taxon in the GNAP and for each site in the GNRP, the number of possible policies is drawn randomly and uniformly from the set {5, 6, 7, 8, 9, 10}. For both problems considered (GNAP and GNRP), we first solved the corresponding mathematical programs (P5) and (P6) which provide a numerical valueỹ e of the variable y e , then these same programs reinforced by the constraints (z e /ỹ e )+logỹ e −1 y e . This reinforcement provides a better approximation of logz e . All the mathematical programs have been implemented using the modeling language AMPL (Fourer et al. 1993 ) and solved by the mixed-integer linear solver CPLEX 10.2.0 (CPLEX 2007). The experiments have been carried out on a PC with an Intel Core Duo 2 GHz processor and 2 GB of RAM. For all the experiments, we limit the computation time of the solver to 900 s. If the optimal solution has not been obtained after 900 s of CPU time, we consider the feasible solution, that is, the conservation strategy, deduced from the best solution of (P5) or (P6) given by the solver after 900 s of computing, and an upper bound on the value of the optimal strategy is given by the value of the upper bound on the optimal solution of (P5) or (P6) given by the solver after 900 s of computing.
Computational Experiments for the GNAP
In the first series of experiments on the GNAP, for each taxon t i , the survival probabilities p i1 are drawn randomly and uniformly from the set {0.2, 0.3, 0.4, 0.5, 0.6}, the values of c i1 from {30,40,...,80,90}, the values of dc ik from {100, 110, 120,..., 980, 990, 1000}, and the values of dp ik from 0.030, 0.031, 0.032, ..., 0.099−0.1p i,1 . The quantity dp ik is the increase of the survival probability, and the quantity dc ik is the increase of the conservation cost when the conservation policy goes from (k −1) to k, that is, dp ik = p ik −p i,k−1 , and dc ik = c ik −c i,k−1 (k = 2,...,n i ). This way, we obtain c i1 < c i2 < ··· < c in i and 0 < p i1 < p i2 < ··· < p in i < 1. Computational results obtained by solving (P5) are presented in Table 1 (general case, columns 1, 2, 3, 4, 7, 8, 9, 12, 13, and 14). "Gap" refers to the relative gap, expressed as a percentage, between the optimal value of (P5) and the value of the obtained near-optimal solution. Recall that the optimal value of (P5) is an upper bound on the optimal value of the problem. "CPU" is the computational time, expressed in seconds, required to solve both versions of (P5). The program (P5) has been solved for the 3 types of trees described in the beginning of this section and for 5 sizes in each of the 3 types: 2000, 4000, 6000, 8000, and 10 000 nonleaf nodes. Each row of Table 1 ( columns 3, 4, 8, 9, 13, 14) corresponds to a mean value obtained by solving (P5) for 4 different values of the available budget B (constraint (1)): B = i∈X c i1 + i∈X n i k=2 dc ik where is equal to 0.2, 0.4, 0.6, and 0.8. These results show that for trees of types 2 and 3, the considered instances could be solved quickly. For the largest tree of type 2 (10 000 nonleaf nodes and 25 120 leaves) 212 s are required, on average, to solve both versions of (P5) and the values of the obtained solutions, that is, of the expected PD associated with the conservation strategies retained, are, on average, at <0.01% from the optimum. For the largest tree of type 3 (10 000 nonleaf nodes and 20 001 leaves) 179 s are required, on average, to solve both versions of (P5) and the values of the obtained solutions are, on average, at <0.02% from the optimum. The instances corresponding to the trees of type 1 are more difficult to solve. For the largest tree of this type (10 000 nonleaf nodes and 10 001 leaves), (P5) cannot be solved up to optimality within 900 s of CPU time. However, the values of the obtained solutions are, on average, at <0.03% from the optimum. We present in Table 2 the detailed results corresponding to the following instances of Table 1 : Tree of type 1, general case, 6000 nonleaf nodes, 6001 leaves, and 4 values of B corresponding to = 0.2, 0.4, 0.6, 0.8. For each value of B, the first row corresponds to the solution of (P5) that is not strengthened and the second row to the strengthened program. For this phylogenetic tree, the hard instances correspond to an intermediate budget corresponding to = 0.4.
In the second series of experiments on the GNAP, the problem is defined, as previously by a list of pairs (c ik ,p ik ), k = 1,...,n i , but in this case they satisfy the condition (15):
As noted by Hartmann and Steel (2006) for other relationships between conservation costs and survival probabilities, the property (15) corresponds to the situation where each budgetary unit allocated to conserve a taxon produces progressively smaller increase in the survival probability of this taxon. Simianer et al. (2003) propose 3 types of function linking p ik and c ik , and satisfying the property (15). They consider that the extinction probability of a taxon t i is directly proportional to the quantity 1/s i where s i is the effective population size of t i . Specifically, they consider that the extinction probability is equal to i /2s i where i is a positive constant. Then, they propose 3 models of population growth depending on the budget, c ik , devoted to protection. In this article, we consider the first one: the effective population size increases of i c ik /s i where i is a positive constant and s i is the population of the taxon t i before carrying out any conservation policy. The extinction probability of the taxon t i in function of the amount of money invested is therefore 1−p ik = i /2(s i + i c ik /s i ). In our experiments, for each taxon t i , the values of p i1 , c i1 , and dc ik are randomly generated as in the first series of experiments. The initial effective population size s i is drawn randomly from the set {100, 200, 300,..., 900, 1000}. For each taxon t i , the value of i is drawn randomly and uniformly from {80, 90, 100, 110, 120}. We deduce i = 2(1−p i1 )(s i + i c i1 /s i ). We present in Table 3 an example of values for s i , p ik , and c ik , for 8 taxa, when the number of possible policies for each taxon is equal to 5. Computational results obtained by solving (P5) are presented in Table 1 (Concave case, columns 1, 2, 5, 6, 7, 10, 11, 12, 15, 16) . Each row of Table 1 ( columns 5, 6, 10, 11, 15, 16) corresponds to a mean value obtained by solving both versions of (P5) for 4 different values of the available budget B defined by = 0.2,0.4,0.6,0.8. These results show that for the 3 types of tree the considered instances could be solved very quickly. For the largest trees (10 000 nonleaf nodes), both versions of (P5) are solved, on average, in <53 s, and the values of the obtained solutions are, on average, at <0.01% from the optimum. We present in Table 4 the detailed results corresponding to the following instances of Table 1 : Tree of type 2, concave case, 10 000 nonleaf nodes, 25 120 leaves, and 4 values of B. Table 4 reads as  Table 2 . For this phylogenetic tree, the computation times required to solve (P5) depend very little on the value of B. Table 5 gives some details of the overall conservation strategy for instances of Table 4 . It presents, for each value of B and for each level of protection, the number of taxa which is concerned. Recall that, for each taxon, the number of potential conservation policies is randomly generated between 5 and 10. Computational Experiments for the GNRP In the first series of experiments on the GNRP, a conservation policy applied to a site can increase the survival probabilities of some species and decrease the survival probabilities of other species. For these experiments, we generate general instances as follows: For each taxon, its presence in each site is drawn at random with a probability of 0.3. In a given site R j , the initial survival probability (policy 1) of 4/5 of the species is taken at random from the interval [0.1, 0.3] . For these species and this site, the increasing of the survival probability when moving from protection policy k−1 to policy k is taken at random from the interval [0.4/n j , 0.6/n j ] where n j is the number of possible policies for the site R j . For the other species, which represent 1/5 of the species present in the site R j , the survival probability is taken at random from the interval [0.7, 0.9] and the increasing of the survival probability of these species when moving from policy k−1 to policy k is chosen at random in the interval [−0.6/n j , −0.4/n j ]. For these last species, the survival probability decreases as one moves from the policy k−1 to the policy k. The values of c j1 are drawn randomly from {15000, 20000, 25000,...,40000, 45000}, and the values of dc jk from {50000,55000,60000,65000,...,490000,495000,500000}. The number of sites is fixed to 10. Computational results obtained by solving (P6) are presented in Table 6 (general case, columns 1, 2, 3, 4, 7, 8, 9, 12, 13, 14) . The program (P6) has been solved for the 3 types of trees and for 3 sizes in each of the 3 types: 1000, 2000, and 4000 nonleaf nodes. Each row of Table 6  ( columns 3, 4, 8, 9, 13, 14) corresponds to a mean value obtained by solving both versions of (P6) for 4 different values of the available budget B (constraint (13) dc jk where is equal to 0.2, 0.4, 0.6, and 0.8. These results show that the GNRP is much more difficult than the GNAP and that the instances corresponding to trees of type 2 are the most difficult. However, for all the considered instances, solving (P6) provides near-optimal solutions at <1% from the optimum, on average. Note that several instances of (P6) cannot be solved up to optimality within 900 s of CPU time except when the number of nonleaf nodes is equal to 1000. We present in Table 7 the detailed results corresponding to the following instances of Table 6 : Tree of type 3, general case, 2000 nonleaf nodes, 4001 leaves, and 4 values of B corresponding to = 0.2,0.4,0.6,0.8. For each value of B, the first row corresponds to the solution of (P6) that is not strengthened and the second row, to the strengthened program. In this table, "Gap 2" is computed by taking into account the value of the best "Expected PD" and the value of the best "Upper bound" arising in the 2 rows. For this phylogenetic tree, the hard instances correspond to a budget defined by values of >0.4. Table 8 presents the optimal policy which must be applied to each site for the 4 instances of Table 7 .
In the second series of experiments on the GNRP, the conservation policy k applied to a site increases the survival probabilities of all species present in this site compared with the policy k−1. For these experiments, we generate some instances as follows: For each taxon, its presence in each site is drawn at random with a probability of 0.3. In a given site R j , the initial survival probabilities of the species present in this site (policy 1) are taken at random from the interval [0.1, 0.2]. For all couples (site, species present in this site), the increasing of the survival probability when moving from protection policy k−1 to policy k is taken at random from the interval [0.5/n j , 0.8/n j ] where n j is the number of possible policies for the site R j . The values of c j1 and dc jk are randomly generated in the same way as in the first series of experiments and the number of sites is also fixed to 10. Computational results obtained by solving (P6) are presented in Table 6 (increasing  case, columns 1 , 2, 5, 6, 7, 10, 11, 12, 15, 16) . Each row of Table 6 ( columns 3, 4, 8, 9, 14, 15) corresponds to a mean value obtained by solving (P6) for 4 different values of the available budget B. These results show that, also in this case, the GNRP is much more difficult than the GNAP and that the instances corresponding to trees of type 2 and 3 are the most difficult. However, for all the considered instances, solving both versions of (P6) provides near-optimal solutions at <1.20% from the optimum, on average. Note that several instances of (P6) cannot be solved up to optimality within 900 s of CPU time except when the number of nonleaf nodes is equal to 1000. We present in Table 9 the detailed results corresponding to the following instances: Tree of type 2, increasing case, 2000 nonleaf nodes, 4981 leaves, and 4 values of B. Table 9 reads as Table 7 .
CONCLUSION In this article, we have proposed a mixed-integer linear programming approach to solve 2 variants of the NAP: the GNAP and the GNRP. Both these problems consist of determining how best to allocate a limited amount of resources to maximize the expected PD of a set of species. In the GNAP, the conservation policies are applied independently to each species and it is assumed that the survival probabilities of each species are independent of each other. In the GNRP, conservation policies are applied globally to an entire area and the survival probabilities of each species are not independent of each other. It is easy to formulate the GNAP and the GNRP by nonlinear mixed-integer programs but these programs are difficult to solve directly. To free us from this nonlinearity, we use the classical properties of the logarithmic function allowing to transform products of variables into sums of variables, then we use an upper approximation of the logarithmic function by a piecewise linear function corresponding to the inferior envelope of a set of tangents to the logarithmic curve. In this way, the approach provides not only near-optimal solutions of the problems, but also a guarantee on the quality of these solutions. An important asset of the method is that it requires only standard, commercially available, software. Therefore, the method is simple to implement if one has integer programming software, and the task becomes easier if one has, in addition, the use of a modeling tool like AMPL (Fourer et al. 1993) . The experimental results show that the approach is particularly efficient because it allows to obtain near-optimal solutions with a great precision to problems involving up to 25 000 hypothetical taxa for the GNAP, and up to 10 000 taxa and 10 areas for the GNRP. Moreover, because the approach is based on mixed-integer linear programming, additional linear constraints can be easily considered. 
